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Abstract 

In this paper we prove the compactness result for compact Kahler Ricci 
gradient shrinking solitons. If {Mi,gi) is a sequence of Kahler Ricci solitons of 
real dimension n > 4, whose curvatures have uniformly bounded L"^^ norms, 
whose Ricci curvatures are uniformly bounded from below and i-i{gi, 1/2) > A 
(where n is Perelman's functional), there is a subsequence {AIi,gi) converging 
to a compact orbifold (Afoo,<7oo) with finitely many isolated singularitites, 
where Qoo is a Kahler Ricci soliton metric in an orbifold sense (satisfies a 
soliton equation away from singular points and smoothly extends in some 
gauge to a metric satisfying Kahler Ricci soliton equation in a lifting around 
singular points). 

1 Introduction 

Let g{t) be a Kahler Ricci flow on a compact, Kahler manifold Af, 

^9^] = 9, -J - R^o = uq. (1) 
Very special solutions of are Kahler Ricci solitons. 

Definition 1. A Kahler Ricci soliton is a solution of Q that moves by a one 
parameter family of biholomorphisms (which are induced by a holomorphic vector 
field) . If this vector field comes from a gradient of a function, we have a gradient 
Kahler Ricci soliton. In paticular, the equation of a gradient Kahler Ricci soliton g 
is 

gq — Rfj = Ujj, (2) 

with Uij — u-fj — 0. 
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Soliton type solutions are very important ones, since they usually appear as blow 
up limits of the Ricci flow and therefore understanding this kind of solutions helps 
us understand singularities that the flow can develop either in a finite or infinite 
time. Solitons are generalizations of Einstein metrics (notice that if a function u in 
121 is constant, we exactly get a Kahler- Einstein metric). Compactness theorem for 
Kahler Einstein metrics has been considered and proved by Anderson (P), Bando, 
Kasue and Nakajima ( 2 J, and Tian (^ni)- They all proved that if we start with a 
sequence of Kahler-Eintein metrics which have uniformly bounded L"/^ norms of a 
curvature, uniformly bounded Ricci curvatures and diameters, and if Yolg.Mi > V 
for all i, then there exists a subsequence {Mi,gi) and a compact Kahler Einstein 
orbifold {Moo, goo) with a finite set of singularities, so that {Mi,gi) {Mao, goo) 
smoothly away from singular points (in the sense of Gromov-Cheeger convergence) . 
Moreover, for each singular point there is a neighbourhood and a gauge so that a 
lifting of a singular metric in that gauge has a smooth extension over the origin. 
The extended smooth metric is also Kahler-Einstein metric. It is natural to expect 
that something similar holds in the case of Kahler Ricci solitons. 

Our goal in this paper is to prove the compactness result for the Kahler Ricci 
solitons, that is, we want to prove the following theorem. 

Theorem 2. Let {Mi,gi) be a sequence of Kahler Ricci solitons of real dimension 
n>6, with ci(Mj) > 0, 

J^9^{t) = g^{t) - Ric(g.(i)) = ddu,{t), (3) 
with Vj'S/kUi = V = 0, such that 
(a) /^,^ |Rm|"/2dF3, < Ci, 
(h) Ric(5,) > -~C2, 
(c) A<^i{g,M2), 

for some uniform constants Ci,C2,A, inedependent of i. Then there exists a sub- 
sequence {Mi,gi) converging to {Y,g), where Y is an orbifold with finitely many 
isolated singularities and g is a Kahler Ricci soliton in an orbifold sense (see a 
definition below). 

We have a similar result in the case n = 4, but because of a different treatment 
we will state it separately. 
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Theorem 3. Let (Mi,gi) be a sequence of complex 2 -dimensional Kdhler Ricci 
solitons with ci{Mi) > 0, satisfying 

J^9^{t) = 9^{t) - Ric(ft(t)) = ddu,{t), (4) 
with VjVfcUi = VjVfcUi = 0, such that 
(a) |Ric(.g,)| < Ci, 
(h) A < ^i{g,, 1/2), 

for some uniform constants Ci,A, inedependent of i. Then there exists a sub- 
sequence {Mi,gi) converging to (Y^g), where Y is an orbifold with finitely many 
isolated singularities and g is a Kdhler Ricci soliton in an orbifold sense. 

First of all notice that in Theorem|31we have one condition less. That is because 
in the case n = 4 the condition (a) of Theorem |5| is automatically fulfilled (a 
consequence of a Gauss-Bonett formula for surfaces) . The approach that we will use 
to prove Theorem 121 is based on Sibner's idea for treating the isolated singularities 
for the Yang-Mills equations which requires n > 4. To prove Theorem |21 we will 
use the techniques developed by Uhlenbeck in |23 to treat the Yang-Mills equation, 
and then later used by Tian in 19 to deal with an Einstein equation. 

Definition 4. Let {Mi,gi) be a sequence of Kahler manifolds, of real dimension n 
{n is taken to be even). We will say that {Mi, gi) converge to an orbifold (Moo, ffoo) 
with finitely many isloated singularities pi, . . . ,pm, where g^c is a Kdhler Ricci 
soliton in an orbifold sense, if 

(a) For any compact subset K C Afoo\{pi, ■ • ■ tPn} there are compact sets Ki C 
Mi and diffeomorphisms 0; : Ki ^ K so that {<j)~^)*gi coverge to g^^ uni- 
formly on K and (f>ir o Jj o (0^^), converge to Joo uniformly on K, where 
Jii Joo are the almost complex structures of Mi, Moo, respectively. 

(b) For every pi there is a neighbourhood Ui of pi in Moo that is covered by a 
ball Ar in C"/^ with the covering group isomorphic to a finite group in U{2). 
Moreover, if tt^ : Ar —>■ Ui is the covering map, there is a diffeomorphism ip 
of Ar so that (/)*7r*goo smoothly extends to a Kahler Ricci soliton C°°-metric 
on Ar in C"/^ with respect to the standard complex structure. 

We will call (Moo,5oo) a generalized Kdhler Ricci soliton. 
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We will call (Moo,5oo) a generalized Kdhler Ricci soliton. 
The outline of the proof of Theorem 13 is as follows. 

1. Obtaining the e- regularity lemma for Kahler Ricci solitons (the analogue of 
the existing one for Einstein metrics) which says that a smallness of the L"/^ 
norm of a curvature implies a pointwise bound on the curvature. 

2. Combining the previous step together with a uniform L"/^ bound on the 
cuvatures of solitons in our sequence yields a convergence of a subsequence 
of our solitons to a toplogical orbifold (-Moo,5oo) with finitely many isolated 
singularities. The metric ^oo satisfies the Kahler Ricci soliton equation away 
from singular points. 

3. Using Moser iteration argument (as in [2] and ^H]) we can show the uniform 
boundncss of |Rm(goo)| on Afoo\{ singular points }. 

4. By the similar arguments as in |2] and we can show that ^oo extends 
to a C° orbifold metric on M^o- 

5. Using that Ricci potentials of metrics gi in our sequence are the minimizers 
of Perelman's functional W, henceforth satisfying the elliptic equation, and 
using harmonic coordinates around the orbifold points we can show that ^oo 
extends to a C°° orbifold metric on M^o ■ A lifting of goo above orbifold points 
is a smooth metric, satisfying a Kahler ricci soliton equation in the covering 
space. 

Due to Perelman, instead of assuming uniform bounds on diameters and volume 
noncollapsing constant it is enough to assume condition (c) in Theorem [21 (see 
the next section for more details). In 14 Perelman has introduced Perelman's 
functional 

W(5,/,r) = (47rr)-"/2 / e-f[T{R\Vf\') + f-n]dVg, 
under the constraint 

(47rT)-"/2 f e-fdVg = 1. (5) 
Jm 

He also defined ii{g, r) inf W{g, ■, t), where inf is taken over all functions satisfy- 
ing the constraint ©. 
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The compactness theorem for Kaler Einstein manifolds has been estabhshed in 
[T], and [ini. Almost the same proof of Theorem [21 yields a generalization of very 
well known compactness theorem in Kahler Einstein case. 

Theorem 5. Let {Mi,gi) be a sequence of Kdhler Ricci solitons with ci{Mi) > 0, 
such that the following holds 

(a) /,,,^ |Rm|«/2dFg, < C^, 

(b) Ric(g,;) > —6*2 for n> 6 and \Ric{gi)\ < C2 for n — 4, 

(c) Yo\g^{BgXx,r)) > nr^, 

(d) diam(Af„5,) < C3, 

for some uniform constants Ci, C'2, k, C3, inedependent of i. Then there exists a 
subsequence {Mi,gi) converging to (Moo, 500)7 where Moo is an orbifold with finitely 
many isolated singularities and goo is a Kdhler Ricci soliton in an orbifold sense. 

Due to Perelman's results for the Kahler Ricci flow (see ^Hl), and due to the 
observation of Klaus Ecker (that will be discussed in the following section), that 
was communicated to the second author by Berhnard List we have the following 
corollary. 

Corollary 6. Theorems\^ and\^ are equivalent to Theorem\^for dimensions n>6 
and n = 4, respectively. 

The proof of Theorem is essentially the same as that of Theorem |5J The only 
difference is that we do not have a uniform lower bound on Perelman's functional 
/I, so we have imposed uniform bounds on diameters, volume noncollapsing and a 
euclidean volume growth, which are also either implied or given, in the case we start 
with a sequence of Kahler Einstein manifolds. 

Acknowledgements: The authors would like to thank R.Hamilton for amny 
useful discussions about the problem considered in the paper. The second author 
would like to thank J.Viaclovsky for pointing out some mistakes in the first draft 
and giving some suggestions how to fix them. 

2 Perelman's functional 1/2) 

We can normalize our solitons, so that Volg^ (M) = 1. In order to prove convergence 
we need some sort of e-regularity lemma (an analogue of e-regularity lemma for 
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Einstein manifolds, adopted to the case of Kahler Ricci solitons). We will use 
Moser iteration argument to get a quadratic curvature decay away from curvature 
concentration points. Define 

Sn{C2, A,V) = { Kaher Ricci solitons g \ n{g,T) > A, for all t G (0,1) and 
Ric(5) < -C2}. 

Kahler Ricci shrinking solitons gi from Theorem |21 are in S„ - Due to Perelman we 
know that the scalar curvature of a solution g{t) satisfying only the first defining 
condition of Sn is uniformly bounded along the flow. Perelman also showed this 
implies g(t) is K-noncoUapsed, where k = k{A). In particular, these bounds are 
uniform for all elements in Sn and 

\R{9^)\ < C, (6) 

for all i. 

Lemma 7. // -^g{t) = g{t) — Jiic{g{t)) = ddu is a shrinking gradient Kahler Ricci 
soliton, then u{t) is a minimizer oj Perelman' s Junctional W with respect to metric 
9(t). 

Proof. Let /(O) be a minimizer of W with respect to metric g{0). Let (f){t) be a 
1-parameter family of biholomorphisms that come from a holomorphic vector field 
Vu(i), such that g{t) = (j){t)*g{Q). Function f{t) = (j)* fiQ) is a minimizer of W 
with respect to metric g[t) since e~^^^^dVt — dm = const and since 

W, t) < W{g{t)J{t), t) = W(g(0), /(O), r) - ^^(5(0), r) < r), 

where the last inequality comes from Perelman's monotonicity for the Ricci flow. 
We have that 

W(g(0),/(0),T)->V(g(t),/W,T), 

and therefore ■^W{g{t), f{t),T) = 0. On the other hand, e~^'^*'^dVt = dm = const 
and by Perelman's monotonicity formula 

= |>V(5(t),/W,r) 

= (47rr)-"/2 / e-^(*)|i?,j + - g ,j / {2r)\' dVu 

JM 

which implies R^j + ff^ ~ gij/C^r) = on M, that is Af{t) = n/2 - R = Au{t) 
and since M is compact, f{t) ~ u{t) (both functions satisfy the same integral 
normalization condition J^^ e~''''*'c?Vt = /^.^ e~"^*)dVf = (47rr)"/^). □ 
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Take t = 1/2. We have our sequence of Kahler Ricci solitons {M,gi) which 
defines a sequence of Kahler Ricci flows {gi{t)}, where gi G Sn{C2,A, V) and Ui is 
a Ricci potential for g^. The previous lemma tells us that every Ui is a minimizer 
of yV((?i, •, 1/2) and therefore satisfies, 

2Aui - |Vui|2 + R{g,) + ui-n^ ^l{g„ 1/2), 

which imphes Ui = |Vuip + n{gi, 1/2) + R{gi) > —C, by © and condition (c) in 
Theorem 12 Since we have a uniform lower bound on Ui, as in (1^ we have that 

Ui{y,t) < Cdist%{xi,y) + C, 

|Vui| < CdisUt{xi,y) + C, 

for a uniform constant C, where Ui{xi, t) ~ min^gM; Ui{y, t). In order to prove that 
|ui(i)|ci 1^ C for a uniform constant C, it is enough to show that the diameters of 
{Mi,gi{t)) are uniformly bounded. Since we have (a), (b), (c) and since Volg. (M) = 
1 for all i, by the same proof as in ^B] we can show that the diameters of {Mi, gi{t)) 
are indeed uniformly bounded. Therefore, there are uniform constants C and n 
such that for all i, 

1. |U^|C1 < C, 

2. diam(Afi,5,;) < C, 

3. \R{g^)\ < C, 

4. {Mi,gi) is K-noncoUapsed. 

This immediatelly implies that Theorems El and ?? imply Theorem|21for dimensions 
n > 6 and n = 4, respectively. 

A uniform lower bound on Ricci curvatures, a uniform volume noncoUapsing 
condition and a uniform upper bound on diameters give us a uniform upper bound 
on Sobolev constants of {Mi,gi), that is, there is a uniform constant S so that for 
every i and for every Lipshitz function / on Mi, 

{( iM^dV.j'^ <S [ \Vivf)\'dV,„ (7) 

JM JM 

where 77 is a cut off function on M. 
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A uniform lower bound on Ricci curvatures implies the existence of a uniform 
constant V such that 

Vol<,,(i3,, (p,r)) < W", (8) 

for all i, p G M and all r > 0. By Bishop-Gromov volume comparison principle we 
have 

Vol,(i.,fe.))<l._c.M^^^^i##^, 
which by letting S yields 

where w„ is a volume of a euclidean unit ball and V-^C2 (^) is a volume of a ball of 
radius r in a simply connected space of constant sectional curvature — C2. The term 
on the right hand side of the previous estimate is bounded by V^r", for a uniform 
constant V, since diam(M, 17^) < D and therefore < < DC2- 

Ecker's observation that finishes the proof of Corollary © is as follows. 

Lemma 8 (Ecker). There is a lower bound on fj,{g,T) in terms of a Sobolev con- 
stant Cs for g, that is, 

t^{9,T) > ~C{n)(l + lnCs{g) + \nT)+TMR{g). 

M 

Proof. Let / be a minimizcr for W, and let u = (fP' = {4:TTT)^'^/^e^^ . Then, 



t^{9,T) > (47rT)-"/2 / UT\W(f>\'^-(p^ \n(j)^)dV+T ini R(g)-c(n)(l+\nT) = I+rini R(g)-c(n)(l+\nT). 
Jm m m 

(9) 

Rescale g^ = ^,(j)^ = (4t)"/2^. Then, 



with Jj^j (/)^dVr = 1. Since a usual Sobolev inequality (with constant Cs) implies a 
logarithmic Sobolev inequality 



(|Vw|' -w^ \iiw^)dVg > C{n){l + \nCs{g)), 

IM 

for every w > and Jj^jUpdVg = 1. Apply the previous inequality to w = and 
to gT- (note that C'sigr < (1 + 2\/r)C'5(5)), which implies 

/ > -C(n)(l + ln((l + 2VT)Cs{g))). 

□ 
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Conditions that we are imposing in Theorems [5] and 13 are enough to obtain a 
uniform upper bound on Sobolev constants Cs{gi)- This together with (j^J gives a 
uniform lower bound on fJ-{gi, r). 

3 e-regularity lemma for Kahler Ricci solitons 

In this section we wih estabhsh e-regularity lemma for Kahler Ricci solitons. 
By Bochner-Weitzenbock formulas we have 

A|Rmp = -2(ARm,Rm) + 2|VRm|2 - (g(Rm),Rm), (10) 

where (5(Rm) is quadratic in Rm. The Laplacian of a curvature tensor in the Kahler 
case reduces to 

where 5'(Rm) is quadratic in Rm. In the case of a soliton metric g G 5„ (6*2,^4, V) 
on M, that satisfies g^^j — Rfj = didjU , by commuting the covariant derivatives, we 
get 

^Rfjkl — '^Jkli + "^ilk] + ^ijkl 

= '^jlki + ^ii^jklm^'in) + U^klj + ^ j i^ilkm'^fn) + Sj_j^i 

= VRm*Vu, (11) 

where we have effectively used the fact that = uj-j = and A* B denotes any 
tensor product of two tensors A and B when wc do not need precise expressions. 
By using that < C on M and identities lfTT)| and (fTT|l we get, 

A|Rmp > --C|VRm||Rm| + 2|VRmp - C|Rm|^ 

By interpolation inequality we have 

A|Rmp > (2-6l)|VRm|2-C(6l)|Rmp-C|Rm|3 
> (2 - 0)|V|Rm||2 - C{e)\Rm\^ - C\Rm\^. 

We will see later how small 9 we will take. Also, 

A|Rmp = 2A|Rm||Rm| + 2|V|Rm|p, 
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and therefore, 

A|Rm||Rni| > -6i/2| V|Rm| ^ - C{e)\Rm\'^ - C\Rm\^. (12) 

Denote by m = |Rm|. Then, 

uAu>~9/2\Vu\^-C{0)u^~Cu^. (13) 

We can now prove the e-regularity theorem for shrinking gradient Kahler Ricci 
sohtons. 

Theorem 9. Let g be a Kdhler Ricci soliton as above. Then there exist constants 
C = C{n, k) and e — e{n, k) so that for r < {yY^"' — if 

\Rm\"/^dVg < e, (14) 

B{p,2r) 

then 

sup |Rm(g)|(a;) < (15) 

B(p,r/2) r 

Proof. It simphfies matters if we assume r = 1. We may assume that, since 
1)12(1 . condition H14|l and claim 1151) are aU scale invariant. We can start with r 
so that VoWg {p, 2r) is sufficiently small (it will become clearer from the proceed- 
ing discussion), then rescale our metric so that r = 1, Volg-B(p, 2) is small and 
Ib (p 2) |R-™r^^ < £ (we are using g to denote a rescaled metric as well). 

We will first prove bound on Rm, for some q' > n/2. Let 5* be a uniform 
Sobolev constant, ^ as in 

Lemma 10. There is q' > n/2 so that Jg \Rm\'^' dVg < C, where C = 
C{n,q',V,S). 

Proof. Let be a nonnegative cut off function that we will choose later and q > 2. 
Multiply ((T^ by and integrate it over M. 



0/2 J </)2|Vupu«-2_^C(0) J </)2(m? + u9+1) > J fu'^-^i^Au) 
> 4{q-l)q-^ f |0V(li«/2)|2+4q-l / ^u"/^ (V^,V {u"/^)) (16) 



We can write J 0^|Vu*/^p for J (jP\Vu\^u'^ ^, apply Schwartz and interpolation 
inequalities to the second term on the right hand side of H16|l and get 

2{q-l)q-^ J |0Vu«/2|2<^ J 02|Vu«/2|2+C(0) J 02(^'?+u9+l)+2(q-l)-iy" |V0| 

(17) 
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Choose < 6* < g — 1 (in particular we can choose 9 = {q — l)/2). Then 

(q - l)q-^ J |0Vu«/2|2 < c-y" (f,\u1 + u^+l) + 2{q - 1)^^ J jV^pu?, (18) 
where C = C{n). Using the Sobolev inequahty (let 7 = -j^hi) we obtain 
{ / |<^U«/2|2t}1/7 < C{q^{q - / 02(u«+l + u") + (2g2(q _ l)-2 + 1) /■ |V0pun 



^ supp0 J supp0 



where C* = C{n, S, V). Take e = C^^q^^{q — l)/4 and let (j) he a cut off function 
with compact support in Bg{p,2), equal to 1 on Bg{p, 1) and such that |V(/)| < C. 
Take g = n/2. Then we get the following estimate, 

that is, 

u^'dVg < C, (19) 



where C = C'(C2, A, V, n) and q' ^ qj = > n/2. □ 

Let g' be as in Lemma [TUl Take some /3 > 1, let be a fuction with compact 
support in Bg{p, 1), equal to 1 on Bg{p, 1/2) and choose = 1/2 in (|17|l . Then the 
estimate becomes 

I0V.^/^P < ^(^)(/^^"^ + /^V-) + 2^^3^|^/|V^|V 

< Ci{P + l)( j (t>^u^ + J (f'uP+^) + C J \\/(t>\^u>'. 
Furthermore, by (|19l) we have, 

b^U^+' < ( / )!/«'( / |(/)u''/2|2'r')l/7' < C'2( / |0«^/2|27')l/7'^ 

with 7' = By interpolation inequahty, with 2* = > > 2, since 

q' > n/2, we have 

||</>u''/'|| ^ <77||0u'5/2||^.- +C(n,g')^-^||0^x'5/2||^., 

11 



for any small 77 > 0. By Sobolcv inequality (??), 

\\<l>u^^^\\ ^ <Sv\\^{^u^/')\\L.+C{n,q')f^-^\\cj,u0^^\\L2. 
All this yields, 

|V(</)u'='/2)|2 < Ciil + p) [ (jy^u'' + {C+1) [ iV^pu'^ + CiC2iP + 1){ / l^u'^/^P^'ji/^' 



M 



< Ci(l + /3) U^u^ + iC+l) \Vcj)\''u'^ + Ci{p+l)C2r]^\\(bu^/^\\ 



2 

L2. 



C{n,q')^jf^\\(l)U^/^\\ 



2 

L2 



C(n,g')V^ll0w''/'lli2. 



= 3C.(/3+i)c.S - Then, 
|V(0u'^/')|' < C3 y"|V0|2u'^ + C74(l+/3+(l + /?)*)/ (/-V 



where a is a positive number depending only on n and q' . Sobolev inequality then 
implies 



where 7 = as before. Let ri < r2 < rg. Choose the cut off function as 
follows. Let <j) e Co{Bg^{p,r2)) with the property that = 1 in Bg^{p,ri) and 



IVf/*! < 7;3;7- Then we obtain, 
that is 

By Moser iteration technique (exactly as in the proof of Theorem 4.1 in ^21) we 
get 

sup \Rm\{g){x) < C{ |Rm|"/2)2/", 



for a uniform constant C. Rescale back to the original metric to get p5|l . □ 
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4 Topological orbifold structure of a limit 



By using a quadratic curvature decay proved in Theorem in this section we will 
show that we can extract a subsequence of {Mi, gi) so that it converges to an orbifold 
in a topological sense. This relies on work by Anderson ( 1 ), Bando, Kasue and 
Nakajima (|2]) and Tian (,19,). Take eo to be a small constant from Theorem 
Define 

D[ = {xe M,| / \Rm\^/^dVg, < eo}, 

Jb„^ {x,2r) 

and similarly 

Ll^{xeM,\ f |Rm|"/W<,, > eo}. 

For each i we can find a maximal r/2 separated set, {x^} € Mi, so that the geodesic 
balls Bg. [x\,r/4) are disjoint and Bg. {x\,r) form a cover of Mi. There is a uniform 
bound on the number of balls m[, (centred at x\, with radius r) in L\, independent 
of i and r, which follows from 

m^eo < J2 IRml''/'^ dVg^ <m \Rm\''/'^dVu+t < Cm, 

where m is the maximal number of disjoint balls of radius r/4 in Mi conatined in 
a ball of radius 4r, given by 

m 

TOK(r/4)" < ^ Volg,Bg,(a;fc,r/4) < Yo\g^Bg^{x,Ar) < Cr"". 
fc=i 

By Theorem El we have that for all x e -D[ and r < rg, 

\Rmig,)\{x)<^, (20) 

for a uniform constant C. This gives the curvatures of gi being uniformly bounded 
on Dl , which together with volume noncollapsing condition implies a uniform lower 
bound on injectivity radii. We have seen above there is a uniform upper bound on 
the number N of points in [Mi,gi) at which L"/^ norm of the curvature concen- 
trates. Assume without loss of generality that = 1. This enables us to assume 
that Dl = M\Bg.{xi,2r). Since Kahler Ricci solitons are the solutions of Q as 
well, Shi's curvature estimates do apply and therefore by H20|) . 

sup \D^RuY{g,)\<C{r,k). 

Mi\Bg.(xi,Zr) 
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Denote by G[ — Mi\Bg.{xi, 3r). By Cheeger-Gromov convergence theorem, we can 
extract a subsequence so that {G\,gi) converges smoothly (uniformly on compact 
subsets) to a smooth open Kahler manifold C with a metric g"^ that satisfies a 
Kahler Ricci soliton equation g"^ — Ric((7'') = ddu^ . 

We now choose a sequence {rj} with Vj^i < rj/2 and perform the above 
construction for every j. If we set Di{ri) = {x e M\x £ D^^ , for some j < 1} then 
we have 

A(n) C C ••• C M,. 

For each fixed r;, by the same arguments as above, each sequence {Di{ri)^ gi} has 
a smoothly convergent subsequence to a smooth limit D{ri) with a metric g''', 
satisfying a Kahler Ricci soliton condition. We can now set D — UfZiD{ri) with 
the induced metric goo that coincides with g^' on Diri) and which is smooth on D. 

Following section 5 in we can show there are finitely many points {pi\ so 
that Moo = D \J {pi} is a complete length space with a length function g^a, which 
restricts to a Kahler Ricci soliton on D satisfying 

goo - Ric(5oo) = dduoo, 

for a Ricci potential Uao which is a C°° limit of Ricci potentials Ui away from 
singular points. 

To finish the proof of Theorem El we still need to show few things: 

(a) There is a finite set of points {pi, . . . ,pn}, such that 

Moo = DlJ{p,}, 
is a complete orbifold with isolated singularities {pi, . . . ,PAr}. 

(b) A limit metric goo on D can be extended to an orbifold metric on Moo (denote 
this extension by goo as well). More precisely, in an orbifold lifting around 
singular points, in an appropriate gauge, a Kahler Ricci soliton equation of 
goo can be smoothly extended over the origin in a ball in C"/'^. 

We will call points curvature singularities of Afoo as in |T]. We want to 

examine the structure, topological and metric, of Moo- 

The proof that Moo bas a topological structure of an orbifold is the same as that 
of Q, [2] and in the case of taking a limit of a sequence of Einstein metrics, so we 
will just briefly outline the main points. Without loosing a generality, assume there 
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is only one singular point, call it p and assume it comes from curvature concentration 
points Xi G M. By a covering argument we may assume that each ball Bg.{xi,2r) 
contains By Theorem we have that 

sup \Rm{gMx)<^{f |Rmr/2dFgj2/", (21) 

M\Bg.{xi,r) T JBg.{xi,2r) 

which by taking limit on i and using a smooth convergence away from a singular 
point p yields, 

sup \Rm\{g^){x) < -^{f \Rmr/^dVgJ^/\ (22) 

where r{x) = distg^ {x,p)- Let E{r) = {x E Moo\{p}| r{x) < r}. Given a sequence 
Si 0, let A{si/2,Si) — {x E Moo\ Si/2 < r{x) < 2si}. Rescale the metric goo 
by s~^. Then the rescaled Riemannian manifolds {A{l/2, 1), goosr^) have sectional 
curvatures converging to zero by (|22|l . There are uniform bounds on the covariant 
derivatives |iI''^Rm| of the curvature of metrics gooSj'^ on A{l/2, 2) for the following 
reasons: An estimate lPT|) and Shi's curvature estimates give us 

sup \D''Rm{g,)\ix) < 

Letting i — > cx) we get 

\D^RM{9oo){x) < (23) 

for all x e Moo\{p}- This tells us there are uniform bounds on the covariant 
derivatives |D'^Rm| of the curvature of the metric (?ooS~^ on A(l/2, 2). 

As in and |19| we can get a uiform bound, independent of r, on a number of 
connected components in E(r). It follows now that a subsequence (A(l/2, 2), ^ooS^^) 
converges smoothly to a flat Kahler manifold yloo(l/2,2) with a finite number of 
components. If we repeat this process for A{si/k, ksi), for any given fc, passing to a 
diagonal subsequence, it gives rise to a flat Kahler manifold A^o- As in |2] and 
|19| we can show that each component of A^o is a cone on a spherical space form 
5'"~^(l)/r and that every component is diffeomorphic to (0, r) x S^'^^^/T. We will 
call (Mocffoo) a generalized orbifold. 

So far we have proved the following proposition. 

Proposition 11. Let {Mi,gi) he a sequence of compact Kahler Ricci solitons, with 
ci(Mi) > 0, such that gi € 5„(C2, A, V) and such that there is a uniform constant 
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/ \Rmig,)\^/^dVg^<C. 

J Mi 

There is a subsequence so that {Mi,gi) converges in the sense of part (a) of defini- 
tion^to a compact generalized orbifold (Moo,5oo) with finitely many singularities. 
Convergence is smooth outside those singular points and g^o can he extended to a 
metric in an orbifold sense (in the corresponding liftings around sigular points) . 

5 A smooth metric structure of a limit orbifold 

Moo for n>Q 

In this section we will always assume n > 6. We will show that a limit metric 
5oo can be extended to an orbifold metric in C°° sense. More precisely, let p be 
a singular point with a neighbourhood U C Moo- Let Up he a, component of U\{ 
singular points}. Recall that each Up is covered by A* — Ar\{0}. We will show 
that in an appropriate gauge, the lifting of goo (around singular points) can be 
smoothly extended to a smooth metric in a baU in C"/2. Metric goo comes m 
as a limit of Kahler Ricci solitons gi £ Sn{C2, A,V). A Sobolev inequality with a 
uniform Sobolev constant S holds for all gi. We will show that a Sobolev inequality 
with the same Sobolev constant S holds for goo as well. 

Lemma 12. There is rp so that for every r < tq, 

( / v^^dVgJ^ <S I \Vv\^dVg^, (24) 
Jb J b 

for every v £ Cl{B\{p}) , where B — Bg^ (p, r). 

Proof. Take tq such that Volg^i?g^ (p, tq) < V^rp < eq, where cq is a small constant 
from TheoremEl Let v G Cl{B\{p}) and let supp(v) = K C B\{p}. By the defini- 
tion of convergence, there exist diffeomorphisms (pi from the open subsets of AI\{xi} 
to the open subsets of M\{p} that contain K , such that every diffeomorphism (pi 
maps some compact subset Ki onto K, where Ki is contained in Bi = Bg. (xi, r), for 
some sufficiently large i (because of the uniform convergence of metrics on compact 
subsets). We have that gi — {(t>Y^)*9i converge uniformly and smoothly on K to 
Soc- 
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Let Fi — (j)*{v). Then, suppF,; C Ki C B{xi,r)\{xi}. Let {-q^} be a sequence of 
cut-off functions, such that r/f G CQ{Bi\{xi}) and i-j^ — > l(fc ^ oo) Vi, and: 

ry^^i^i is a function of compact support in Bi. Then by Sobolev inequaUty: 
( / l^f^.l^'^K,,)^ < ^ / \D{r,^F,)?dVg^. 

JBi JBi 

We can bound Fi with some constant Ci (as a continuous function on a compact 
set), and therefore: 

m^lF,)]' <s{f \Diifa+ f \DF,fiv-f)- 

JBi JBi 

Let k tend to oo. Then we get: 

(/ \F\^^)^<cf \DFf. 

JBi\{x,} JBi\{x,} 

Since suppi*",; C Ki, after changing the coordiantes via map we get: 

JK JK 

Metrics {gi\ converge uniformly on K to goo, so if we let i tend to oo in the above 
inequality, keeping in mind that suppu — K <Z B\{p\, we get that: 

(/ \v\^^dVgJ^ <S [ \DvfdVg^. 

J B J B 

□ 

Remark 13. Observe that \24^ also holds for v G W^''^{B) (by similar arguments 
as in j^J. Namely, let Lk{t) be 

{k, for t > k, 
t, for \t\ < k, 
— k, for t < — fc. 

Then, 

{ I \Lu{v)\^^Yh <S [ \VL,{vr [ \Vv\^. 



JB JB J\v\<k 

Letting k oo, by Fatou's lemma we get {24}) for v G W^''^{B) 
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5.1 Curvature bounds in punctured neighbourhoods of sin- 
gular points 

Choose Tq — 2ro as in LemmaEl Decrease Tq if necessary so 

e, where e is chosen to be smah. Since goo is a hmit metric of a sequence of Kahler 
Ricci solitons whose curvatures satisfy (I12II . we get that Rm = Rm{goo) also satisfies 

A|Rm||Rni| > -6'/2| V|Rm| p - C(6')|Rnip - C\Rm\^, (25) 

for smah 9 E (0,1). Our goal is to show that the curvature of goo is uniformly 
bounded on Bg^{p,2ro)\{p}. We will use this curvature bound to show a smooth 
extension of a lifting of an orbifold metric over the origin in C". Denote by u = |Rm| . 
Function u is then a nonnegative solution satisfying 

uAu > -e/2\Vu\^ ~ Cu^ - Cu^. (26) 

This is a special case of more general inequality 

wAu > -6'/2|Vup - C/u^ (27) 

where / G L"/^. By Fatou's lemma we also have that 

/ |Rm|"/2dK,^ < liminf / \Km\''l'^dVg^ < C. 

Remember that we are treating the case n > 6 which allows us to adopt the 
approach of Sibner in 18 . Our goal is to show that u e LP{B), for some p > n/2, 
because it will give us a uniform bound on the curvature of goo away from a singular 
point p. The proof of the following lemma is similar to the proof of Lemma 2.1 in 

nBi. 

Lemma 14. Let u > be C°° in AIoo\{p} and satisfy there ^Wjj, with u G i"/^. 
If u £ L n i^', then Vii^ G and in a sufficiently small ball B, for all 

( 7?2|Vu«|2 <C [ iVrypM^g. 

J B J B 

Proof. As in JH| we will choose a particulary useful test function. Let 



F{u) 



7/9, for < M < 

^(g/9-9ou* + (go - 9)^"^), for I < u, 
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and 

' I _L(q/9-9oy9o-i+ (2oz^), for?<u, 
Set G{u) — Fi{u)F'{u). Then (see p^) the foUowing incquahties are satisfied 

p<±iQ-io^qo^ (28) 

uFF' < qF"^, (29) 

{FF'Y > C'F'"^, C > 0, (30) 

where the last inequahty fails if go 5: 1/2 (that is the reason we have assumed n > 4 
at the moment). Let ?/ G C^{B), for a sufficiently small ball B and 77 in a 
neighbourhood of p. If ^ is a test function, from (|26|l we have 

J VuV«) < 9/2 J |Vup^ + C J {u^ + u^)^. 

In particular, choose ^ to be {rjfff' Fi{u)F' (u) . Integrating by parts, using l|30|l . we 
get 

j \VF{u)\''{r,nf~^ j \Vu\''{rifi)\''FiF' < Ci j VuFF' {rifi)V{r,f]) + 

+ Ci I {u + l)uFF'{rif}f. 



Ci j VuFF'{rif])V{r]fi) = Ci j V F{u)F{r]ff)V (jiff) 

< 1/4 / \VF{u)\'{7jfjy+C2 I F2|V(w)P 



Using Lemma [TB and (I29|l we get, 

Ci y (m + l)uFF'{r]f}f < Ciq j {u + l)F^{r]fjy 

< CM J{U+ l)«/2}2/"{ J {Ff^f^)^}^2 

< Cig5||u+l||i„/.(s)||V(w)||2, 

where S* is a Sobolev constant. Since w + 1 G L"/^, we can choose B small so that 
Cig5||u+1|L„/2(B) < 1/4. Then, 

1 |VF(u)|2(w)2 - ^1 |V«|2(77f7)2FiF' < ^1 ^^'|V(w)r (31) 
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Choose a sequence rjk ^ I on B with J |V77fc|" ^ as fc ^ oo. The term we have 
to estimate is 

J v^\Vvk\^F' < C{1) J iVry.l^u^* 



which tends to zero as fc — > oo, since the last factor on the right is bounded. If we 
let fc ^ oo in lpTT|l . we get 

j IV^^HP^^ - A 1 \yu\''^^F^F' <C,j iV^ypF^. (32) 

We will see later we may assume — 1 and qo < q. Choose small 8 so that: 

• for u <l, 

\VF{u)\^--^F^F'\Vu\^ = F'\VuWF'~-^F,)^u^-^F'\VuWq--^) > 0, 
03 03 O3 

• and for u> I, 

|VF(u)|2--?-i^iF'|V7/|2 = F'\Vu\''{qu'i'-H'i~'i''{\^ J—)-^^^^^} > 0. 
63 63(70 u 

This implies 

/ \VF{u)\W{l -^)<cj iVr/pF^. (33) 

Ju<i L-sg J 

For every I we define F. Since for u> I, we have that ^(^^''^^w* + (qo — q)l'^) < 
— and since u e L?'^ , for every e > there is 5 so that whenever Vol(£^) < 5, for 
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every / we have |V?7| F < e. Moreover, there is so that for all / > Zqi we have 
Vol({u > I}) < — < 5, which imphes, 



J Ju<l Ju>l Ju<l 

Since F{u) u"^ as / ^ 00, letting ^ 00 in (|33|) we get 
Since e > can be arbitrarily small, we get 



□ 
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Lemma 15. Let u be a nonnegative function as above. Then u £ , for some 
p>f. 

Proof. Since u = |Rm(.goc)| e i"/^ and n > 6 ( we have assumed the real dimension 
n > 4), we can choose qo = 1 and q — ^. Since u is a nonnegative solution of (|2(j|l . 
applying LemmalT^to u, we find that Vu"/'^ € L^{B). By Remark lTSl we can apply 
Sobolev inequahty to m"/** to conclude that u e with p = f > f ■ □ 

Since Volg^(Moo) < oo, by the previous lemma, u e LP{B), for p G (0, f;^]- 
Take qa^l, qe [n/2, f and repeat the proof of LemmalTHto get Vu'' G i^(-B) 
for aU such q. By RemarkHSlwe have u € L'{B), for s e [f f (;^)^]- If we 
keep on repeating this, at the fc-th step we get Vw'^ G L'^ for q G (0, f C;^)*^] and 
u G for g G (0, ^{^f+^l Since ^ cx) as fc ^ cx), we can draw the 

following conclusion. 

Lemma 16. If we adopt the notation from above, we have u G L'^{B) and Vm* G 
L^{B) for all q. 

Remark 17. We could get the same conclusion for nonnegative functions u sats- 
fying with f G L"/^ (in the case of u — |Rm(goo)|; f = u+1). 

The previous lemma helps us get the uniform bound on the curvature of goo 
in a punctured neighbourhood of a singular point p, that is, we have the following 
proposition in the case n > 4. 

Proposition 18. There is a uniform constant C and rg > so that 

C 

sup \Rm{goc\{x) < 

B\{p} ^0 

where B = Bg^{p,ro). 

Proof. Combining Lemma llfil and Remark for any cut off function rj with com- 
pact support in B and any q we have a Sobolev incqulity 

( J <C J |V(?7M«/2)|2^ 

with a uniform constant C. The rest of the proof is the same as the proof of Theorem 
in the case of a smooth shrinking Kahler Ricci soliton. Choosing tq sufficiently 
smah, so that \Rm\'"^^dVg^ and Volg^(B) are small enough, we get 

C 

sup |Rm(goo|(a;) < — . 

□ 



21 



5.2 Smoothing property of Kahler Ricci solitons 

In section 0] we have showed that g^o extends to a C°-metric on M^q in the sense 
that each singular point pi G Moo has a neighbourhood that is covered by a smooth 
manifold, difFeomorphic to a punctured ball A* C C"/^. If we denote by (f)i those 
diffeomorphisms and by tt^ the covering maps, then the pull-back metric <j)*o'K*[g^) 
extends to a C°-metric on the ball A^. We know that goo satisfies a soliton equation 
away from orbifold points. Note that the metric (j>*7T*goQ is a Kahler Ricci soliton 
in Ar, outside the origin. Our goal is to show that goo extends to a C°°-metric on 
Ar- That implies o ■n*{goo) satisfies the soliton equation on A^, that is goo is a 
soliton metric in an orbifold sense (see Definition^. 

Using Proposition ^1 in the case n > 6 and Proposition 1221 in the case n = 4, 
and harmonic coordinates constructed in 3 , in the same way as in Lemma 4.4 in 
[T^ and in the proof of Theorem 5.1 in j2| we can show that if r is sufficiently small, 
there is a diffeomorphism ip of A* such that '0 extends to a homeomorphism of A^ 
and 

i'*i9oo)tj{x) - 5fj = Odxp), 

dk'4>*{goo)ij{x) = 0(|a;|). 

This means ip*goo is of class C^'^ on A^, that is, there are some coordinates in a 
covering of a singular point of Moo in which goo extends to a C'^'^-metric (we may 
assume goo is C^'^ for further consideration). 

Lemma 19. Metric goo is actually C°° on A^. 

Proof. In section 13 we have showed that Ricci potentials Ui satisfy the following 
equation, 

2Au, - |Vu,|2 + R{g,) + u,-n^ fi{g„ 1/2), 

with Aui = n/2 — R{gi) and therefore, 

Au, = |Vu,|2 -u, + n/2 + ^i{g„ 1/2). (34) 

We have showed that metrics {gi} uniformly and smoothly converge to a metric 
goo on compact subsets of Moo\{p} (we are still assuming there is only one singular 
point, a general case is treated in the same way). The uniform bounds on Ui (see 
sectionl^ll and a uniform boimd on R{gi), together with condition ^{gi, 1/2) > A 
give 

A<Ai(5.,l/2)<C, 
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for some uniform constant C . We can extract a subsequence of a sequence of 
converging metrics gi so that limi^oo 1/2) = /ioo- If we let i — > cx) in H34(l we 
get 

AMoo = |VUooP - Uoo - A^oo - "-/2, (35) 

with ( 

^oo)tj — away from a singular point p. Proposition^^ gives uniform bounds 
on |Rm((7oo)| on Afoo\{p} and therefore, 

sup \VVUao\g^ < C, 
Mcx,\{p} 

for a uniform constant C. Since we also have that (uoo)ij = {uooYij — 0; this 
together with supjv/^\{p} \uoo\ c^{Ma^\{p] < C (which comes from \ui\c^ < C) yields 

sup \uoo\c^ <C. (36) 

M^\{V} 

Since 500 is C^'^ in A,., and since for any two points x,y G A* such that a line xy 
does not contain the origin, due to H36|) . we have \Vuoo{x) — Vuoo(y)| < C\x — y\, 
we can conclude that Vuqo extends to the origin in A^. Moreover, Uoo S C'^'^(Ar). 

Take the harmonic coordinates $ for g^o (see 0) in A^. Outside the origin, $ 
is smooth and h = $*5oo satisfies 

Ah = 2h- dduoo- (37) 

Since goo € C'^(Ar) and Uoo G C'^'^(Ar), the right hand side of H35(l is in 
C°^^(Ar). By elliptic regularity this implies Uqo G C^'^i^r), for some a G (0,1). 
We have that Uoo G C^'"(Ar) and goo is of class C^'^(Ar) and therefore by results of 
DeTurck and Kazdan in |7], is at least C^'^ and goo is of class C^'^ in harmonic 
coordinates in A,.. We will write g^c for $*goo and from now on when we men- 
tion regularity, or being of class C'''", we will assume harmonic coordinates. The 
right hand side of is of class C°'-^{Ar), so by elliptic regularity, Moo is of class 
C^'"{Ar). By elliptic regularity applied to we get g^o is C^'^iAr). From ^ 
we get Woo being of class C^'"(Ar), since the right hand side of Ip!^ is in C^ "{Ar). 
Now again from H37|l . g^o is of class C^'" in A^. 

If we keep repeating the argument from above, we will obtain that g^o is of 
class in A^, for any k, that is, there are coordinates V' in A^ (disc A^ covers a 
neighbourhood of an orbifold point in Moo), such that 4'*'^*9oo in those coordinates 
extends to a C°°-metric on A^, where tt is just a covering map. In particular, the 
Kahler Ricci soliton equation of ■ip*7r*goo holds in all A^. □ 
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6 A smooth orbifold singularity in the case n = 4 



In this section we deal with the case n = 4, that is, we want to prove Theorem 
The first four sections and the subsection apply to a four dimensional case, a 
different approach has to be taken when one wants to prove the curvature of a limit 
metric goo is uniformly bounded away from isolated singularities. We will use the 
same notation from the previous sections. To prove that goo extends smoothly to 
a smooth orbifold metric, satisfying the Kahler-Ricci soliton equation in a lifting 
around each singular point we will use Uhlenbeck's theory of removing singularities 
of Yang-Mills connections in a similar way Tian used it in . 

Assume Moo has only one singular point p. Let U he a, small neighbourhood of 
p and let Ufj be a component of U\{p}. Recall that is covered by A* C with 
a covering group isomorphic to a finite group in U (2) and Tr^ffoo extends to a C" 
metric on the ball A^, where tt^ is a covering map. In order to prove ^oo extends to 
a smooth metric in a covering, we first want to prove the boundness of a curvature 
tensor Rm{goo)- The proof is similar to that for Yang-Mills connections in [?] with 
some modifications. Considerations based on similar analysis can be found in 
and [201 ■ We will just consider A* as a real 4-dimensional manifold. 

In section^ we saw there is a gauge <j) so that by estimates and if^ . 

e{r{x)) 



\\dg^3\\gFix) < 



r 



[x) 



\\d{^)\\ <li!M 

" - r{xf ' 

^^^dxkdxr^'^ - r(x)3 ' 
in Bg^ {p, r), where d is the exterior differential on — and 1 1 • | Igj? is the norm 
on T^H^ with respect to the euclidean metric gp, and g stands for 0* goo- 
Let A be a connection form uniquely associated to a metric goo on A*, that 
is D = d + A is the covariant derivative with respect to goo- We can view A as 
a function in C^'"{Bo{p,r), so{4:) x R'') for a £ (0,1). The following lemma is 
essentially due to Uhlenbeck ((21]), but the form in which wc will state it below can 
be found in ^^l- It applies to our case as well, since we also have an e- regularity 
theorem as in |19| . 

Lemma 20. Let r be sufficiently small. There is a gauge transformation u in 
C°°{B{p,2r),so{4:)) such that if D ^ e-"i)e" = d + A, then d*A = on B{p,2r), 
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d'^A^ — on dB{p,2r), where d* , d*^ are the adjoint operators of the exterior 
differentials on B{p, 2r) or dB{p, 2r) with respect to g, respectively. We also have 
that 

sup iUUx)) < 

A{r,2r) ' 

where e(r) — s- as r — > 0. 

We have also the following estimates due to Tian (Lemma 4.2 in [19)1. 
Lemma 21. Let A be the connection given in Lemma WlK For small r we have 
sup \\A\\g{x)<Cr sup ||i?^||g(a;), 

A(r,2r) A(r,2r) 

/ \\A\\l{x)dV,<Cr^ [ WRAWldV,. 

JA{r,2r) J A{r,2r) 

Proposition 22. There exist < S < 1 and r > such that 



, ri 



r{xf' 

where r{x) = distg^ {x,p) for a; G A*. 

Proof. The proof is the same as that of Proposition 4.7 in j^. Let ri = r/2, 

.... Let Ai be a connection given by Lemma l20l As in Lemma 4.3, in ^19, . if 

we put = A(ri,ri_i), we have 

/ WRAX^dVg^ ^ -f {[A,,A.],RA^)g^dVg^~ f {A,D*RA^)g^dVg^ 
Jfii JQ.i Jrti 

{Ai^,{RA,)rxp)g^ + / {^i^pi{RAi)r^)g^, 



Is, 

where Si — cJA^;, Di = d + Ai. If we sum those identities over i, we get 
/ ||i?(5oo)||Ws^ = -J2 f {RA.,[A,A,])dVg^-J2 f {A,,D*RA^dVg,_ 

JA{r,2r) ^ JUi j JUi 

(Ai^, {RAi)r-4>)- 



I OA,. 

To get the conclusion of Proposition 1221 we proceed in exactly the same way as in 
We do not have a Yang Mills or an Einstein condition, so we have to use the 
Ricci soliton equation to estimate a term J^^ {Ai, D*RAi)dVg^ that appears below. 
We know goo satisfies 

(i/oo)ij Rij ^iji 
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with Uij — ujj = 0. By Bianchi identity we have D*Rm = d^Ric. Since WkRi] — 
U{j ^. = Rfjf.iUi, and |Vw| < C on A*, by Lemma l?T1 we have 

< Cni f \Rm\^dVg^f/\[ \Km\^dVgJ^'^ ^Cn f |Rm| 

jQ.i Jfli Jfli 

This yields 

V / {A„D*RA,)dVg^ <Cr [ \Rm\^dVg^. 

i Jfli JA{r,2r) 

Similarly as in |19j we get 

C 

|R.m|g^(x) < ——J, 

for a; € A*; for sufficiently small r and some 6 G (0,1). □ 

Section applies to the case n = 4 as well and that concludes the proof of 
Theorem El 
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